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The appl icabi l i ty  of the L a n d a u - T e l l e r  ene rgy - r e l axa t i on  equation of a harmonic  osc i l l a to r  
is  ver i f ied  for  the CO 2 molecule  in which there  is F e r m i  resonance .  It is shown that the d is -  
t r ibut ion over  the spl i t  levels  of the s y m m e t r i c  mode fo rmed  by vibra t ional  exchange p r o -  
c e s s e s  and t rans i t ions  within mul t ip le ts  is analogous to the Trea rmre  dis tr ibut ion for  a s ingle-  
mode anharmonic  osc i l l a to r .  

1 .  I N T R O D U C T I O N  

The descr ip t ion  of the kinet ics  of v i b r a t i o n a l - t r a n s l a t i o n a l  exchange (VT) for  s y m m e t r i c  longitudinal 
and bending v ibra t ions  of the CO 2 molecule  is of cons iderab le  in t e re s t  for CO 2 l a s e r s  (since the lower  10~ 
and 02o0 lasing levels  belong to these  modes) and for  other  p r o b l e m s  in which the vibrat ional  re laxa t ion  of 
CO 2 is substant ia l .  

The L a n d a u - T e l l e r  f o rm of the ene rgy - r e l axa t i on  equation of a harmonic  osc i l l a to r  [1] is  o rd inar i ly  
used.  To der ive  this equation, i t  is e s sen t i a l  that the h a r m o n i c - o s c i l l a t o r  spec t rum be equidistant,  and 
hence, the exponential  f ac to r s  in the t rans i t ion  probabi l i t ies ,  which or iginate  because  of the adiabat ici ty  
of the v i b r a t i o n a l - t r a n s l a t i o n a l  exchange,  a re  identical  for all  t rans i t ions  between adjacent  leve ls .  The 
dependence of the one-quantum t rans i t ion  probabi l i t i es  on the v ibra t ional  number  is given by the square  
of the m a t r i x  e lement  of the osc i l l a to r  coordinate .  However,  a r e l a t ive ly  smal l  deviation of the s p e c t r u m  
f r o m  an equidistant  one a l ready  r e su l t s  in the fact  that the adiabatic f ac to r s  for  d i f ferent  one-quantum 
t rans i t ions  differ  rad ica l ly .  This c i r cums tance  is well  known and should be taken into account for  diatomic 
molecules  if  the v ibra t ional  t e m p e r a t u r e  is suff iciently high so that the levels  would be populated with no- 
t iceable  anharmonic i ty  [2]. However,  the anharmonic i ty  is substant ia l  at the ve ry  lowest - ly ing  vibrat ional  
levels  (Fe rmi  resonance)  for  CO 2 molecules ,  and should pe rhaps  be taken into account if  only the levels  
10~ 02o0, 0220 a re  populated sufficiently.  In a number  of ca ses ,  the L a n d a u - T e l l e r  f o rm of the energy-  
re laxa t ion  equation can r e m a i n  sa t i s f ac to ry .  

Herzfe ld  [3] and Seeber  [4] evaluated the probabi l i ty  of a number  of vibrat ional  t rans i t ions  for CO 2 
col l is ions with CO 2 on the bas i s  of the S c h w a r t z - S l a v s k y - H e r z f e l d  theory  with F e r m i  resonance  taken into 
account.  However ,  the influence of the F e r m i  resonance  on the f o r m  of the quas i s t a t ionary  vibra t ional  d is -  
t r ibut ion and on the ene rgy - r e l axa t i on  equation for  s y m m e t r i c  v ibra t ions  has not been d iscussed  in the l i t -  
e r a t u r e .  The examinat ion  of these  quest ions  is the pu rpose  of the p r e s e n t  pape r .  

2 .  V I B R A T I O N A L  S T A T E S  O F  T H E  S Y M M E T R I C  CO 2 M O D E  

Symmet r i c  v ibra t ions  of the CO 2 molecule  cons i s t  of longitudinal (mode 1) and bending (mode 2) v i -  
b ra t ions .  A two-dimens iona l  osc i l l a to r  co r re sponds  to the l a t t e r  in the v ibra t ional  s p e c t r u m  of CO 2. The 
wave functions [5] 
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c o r r e s p o n d  to i t s  s t a t e s  wi th  a d e f i n i t e  m o m e n t  of m o m e n t u m ,  w h e r e  m is  the  a n g l e  of r o t a t i o n  r e l a t i v e  to 
the  m o l e c u l e  a x i s ,  0 = / C m 2 w 2 / h ) r  i s  t he  d i m e n s i o n l e s s  r a d i u s  (r  i s  the  t r a n s v e r s e  d i m e n s i o n  of the  b e n t  
m o l e c u l e ) ,  m 2 = 2 m o m c / m C O 2  i s  the  r e d u c e d  o s c i l l a t o r  m a s s ,  co 2 i s  a f r e q u e n c y ,  a n d  L(v[l[)(p 2) a r e  L a g u e r r e  
p o l y n o m i a l s  of the  s q u a r e  of the  d i m e n s i o n l e s s  r a d i u s .  The  p a r a m e t e r  v is  r e l a t e d  to t he  v i b r a t i o n a l  n u m -  
b e r  v 2 by  t he  r e l a t i o n s h i p  2 r = v 2 - l .  The  v i b r a t i o n a l  m o m e n t  l t a k e s  on the  v a l u e s -  v2, - v2 + 2 , . . .  v 2. 

T h e  n o n z e r o  p e r t u r b a t i o n  m a t r i x  e l e m e n t s  of the  f o r m  (p e q u a l  
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T h e  s p e c i f i c s  of the  CO 2 v i b r a t i o n a l  s p e c t r u m  a r e  t ha t  a q u a n t u m  of the  s y m m e t r i c a l  l o n g i t u d i n a l  
v i b r a t i o n s  i s  a m u l t i p l e  of the  q u a n t u m  of the  b e n d i n g  v i b r a t i o n s  ffioJ t = 2iiw2). C o n s e q u e n t l y ,  the  s y m m e t -  
r i c a l  v i b r a t i o n s  a c t u a l l y  f o r m  one  m o d e .  T h e  s y m m e t r i c  m o d e  l e v e l s  a r e  c h a r a c t e r i z e d  by  the  v i b r a t i o n a l  
n u m b e r  v = 2v I + v 2 an d  d e g e n e r a t e ,  i n  a h a r m o n i c  a p p r o x i m a t i o n ,  wi th  the  m u l t i p l i c i t y  
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g ' =  ( v + l ) ( v + 3 ) / 4 ,  t f  ~,-- is  odd .  

The anharmonic t e rm in the vibrational Hamiltonian 
of the molecule VO = Azlp ~, where zt is the dimensionless 
normal  coordinate of the longitudinal symmet r i c  vibrations,  
resu l t s  in splitting of the symmet r i c  mode levels (Fermi  
resonance) [5]. According to perturbat ion theory for a 
degenerate level, l inear combinations of those initial wave 
functions for which the nondiagonal matr ix  elements of the 
anharmonic  per turbat ion differ f rom zero  cor respond to its 
split components.  Since a per turbat ion with the symmet ry  
of the molecule is independent of the angle ~, then wave 
functions of s tates  with identical vibrational  momentum are  
combined. The nonzero matr ix  elements equal 

W .  , l.~1 ( 2 . 2 )  ]<v,v,~v a JAz~o:l (v~ - -  1), (v 2 + 9)~, ua~ I -7 ,  ] / v  1 [(v 2 4- 2) 2 

where W 0 -~ 51 cm -1 is the Fe rmi  resonance constant.  The 
level shifts and the coefficients are  derived f rom pe r tu r -  
bation theory in l inear combinations of the initial wave func- 
tions, which are  expressed  in t e rms  of the matr ix  elements  
(2.2). 

The vibrational  states corresponding to the compo- 
nents of the f i rs t  four multiplets are  presented in Table 1. 
The angular b racke t s  denote the initial s tates and the paren-  
theses,  the co r r ec t  s tates.  Table 1 has been composed by 
neglecting second-orde r  t e rms  in perturbat ion theory and 
the anharmonic t e rms  different f rom Fermi  resonance.  
This affords sufficient accuracy  for our purpose in the 
spec t rum range under considerat ion.  It is seen f rom Table 
1 that t ransi t ions are  possible between all components of 
adjacent multiplets with vibrational  momentum differing by 
one, which are  subject to a per turbat ion originating during 
a coll ision and proport ional  to the coordinate of the plane- 
polar ized bending vibration (~ cos(p), This also re fe r s  to 
the 10~ 2000 levels which are  traditionally longitudinal 
symmet r i c  vibrat ions.  Transi t ions  subjected to a pe r tu r -  
bation proport ional  to pz cos 2 ~0 are possible between com- 
ponents of the very  same multiplet.  According to [4], the 
velocit ies of t ransi t ions between Fe rmi - r e sonan t  levels 
are  hence of the same order  as between the levels not 
re la ted to Fermi  resonance.  

3 .  Q U A S I S T A T I O N A R Y  V I B R A T I O N A L  

D I S T R I B U T I O N  

Let us c lar i fy  the form of the level distribution in the 
case when the frequencies of the V--T transitions between 

adjacent multiplets are small  compared  to the frequencies 
of the vibrational  exchange and the t ransi t ions between com-  
ponents of the very  same multiplet.  This distribution is 
the solution of the kinetic problem including V - V  transit ion 
between components of adjacent multiplets and transit ions 
between components of one multiplet and hence containing a 
large number of different velocity constants .  Let us show 
that a universal  distribution independent of the velocity 
constants (a T reanore - type  distribution) exis ts .  



The des i red  distr ibution should cancel the total V - V  cur ren t  (i.e., the difference between the number 
of d i rec t  and r e v e r s e  t ransi t ions  per  unit volume per  unit time) between adjacent mult iplets .  Hence, let 
us seek the distr ibution cancell ing all e lementary  V - V  cur ren t s .  Let us introduce a two-subscriptno(aHon 
for the populations of the separa te  components nv~, where the f i r s t  subscr ipt  is the vibrat ional  number  of 
the multiplet  to which the level belongs, and the second is a formal  subscr ip t  making the level within the 
multiplet  specific.  The condition of zero  e lementary  V - V  cur ren t  is 

g'v+ l,~.gc' -1 , ;V)  

where ~ !~).(,'I~'~ is the velocity constant of the process for which one of the colliding molecules 
makes the transition from the state vfl into v + 1, h, while the other goes from the state v' fi' into v' - 1, 
X' ; AE is the defect in transition vibrational energy. Since (3.1) is an equation of thedetailed balance for 

s . . . . . . .  ~ ~ v y r  the e lementary  proces  , it is s a h s h e d  for the Boltzmann distribution nvfi gvfie . Because of the 
p resence  of the integral  of V - V  collision, the sum of vibrat ional  numbers  of the multiplets,  a more  general  
solution of (3.1) of the form 

Ev~ 
~ - - ~  (3.2) 

exists,  which cor responds  to the energy of a mode different f rom the equil ibrium value at the gas t empera -  
ture.  Let us now note that the distribution (3.2) cancels not only all V - V  cur ren ts  (including the two- 
quanta currents) but also all currents within the multiplets [since v has been fixed within one multiplet 
and (3.2) reduces to a Boltzmann distribution with the gas temperature]. Hence, the distribution (3.2) is 

quasistationary, i.eo, is stationary to the accuracy of taking into account the V-T exchange resulting in 
a slow change in the parameter -/o This distribution is completely analogous to the Treanore distribution 
for a single-mode anharmonic oscillator [6]. 

Applying the Boltzmann H-theorem, it can be shown that the currents in the system damp out with 

time for the set of processes under consideration (V-V processes and transitions between multiplet com- 
ponents), and an arbitrary initial distribution goes over into a Treanore-type distribution (3.2) (see the 
Appendix). 

The parameter T governs the effective vibrational temperature TV, lee., the temperature originating 
during the transition to the equidistant spectrum: 

1 ] ~., 
T V 1 ;~ 

It is interesting to note that for a sufficiently high vibrational temperature and a low gas temperature 
the distribution over the symmetric mode levels is a sawtooth, i.e., the origination of population inversions 
between adjacent multiplet components is possible. In particular, the populations of levels (referred to the 
statistic weights) vj3 and v + I, ~ belonging to adjacent multiplets are compared for 

Tv i 

l 

(this occurs  for  T v / T  ~5 for the 10~ and 03~0 levels,  for example). 

If the gas tempera ture  is high compared  to the splitting into multiplets and the deviations of their 
centers  f rom equidistant separat ion,  then the Treanore - type  distribution is t r ans fo rmed  into a Boltzmann 
distribution with a vibrational  t empera ture  governed by the p a r a m e t e r  y. The multiplet population is hence 
distr ibuted over its components in proport ion to its s tat is t ical  weights.  

Let us emphasize that sums of the numbers v 1 and v 2 are  not conserved separa te ly  for  the V - V  col-  
l isions, but a distribution of the form 

E , 
~hr20 

n t ~ gle 
vlr2. 0 
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with 71 ~ 72 will a l ready not be quasis ta t ionary.  Hence, it is meaningless  to introduce different vibrational 
t empera tures  of the longitudinal symmet r i c  and bending modes:  i f  these t empera tures  exist, they are  iden- 
t ical .  

A quasis ta t ionary vibrational  distribution for both CO 2 modes which exist  if the transi t ion frequencies 
between the symmet r i c  and an t i symmetr ic  modes and the V -  T t ransi t ion frequencies are  small  compared 
to the V - V  transi t ion frequencies in the modes,  has the form 

E~L~ (3.3) VS(2V~+v~)+VaV~-- T 
I~ l - -  noo~ 0 

Vl"~'2vs 

where gl = 1 if l = 0 and gl = 2 if l ~ 0; 7 s and 7a are  related to the vibrational  t empera tures  of the sym-  
met r i c  and an t i symmetr ic  modes .  

The vibrational  levels form a square lattice on the vv 3 plane. The distribution (3.3) exists only in 
some neighborhood of the ground level in which V - V  p roces se s  predominate .  As the vibrational  numbers  
grow, the role of the intermodal  t ransi t ions (VV') por t rayed  by diagonals in the lattice will increase .  Ap- 
parent ly  the t ransi t ions w 3 ~ v + 4, v 3 - 1  hence play the main role in the domain adjacent to the v 3 axis, 
and the t ransi t ions  vv~ ~ v + 3 ,v3-1  , in the domain adjacent to the v axis (this is re lated to the onset of 
resonance at the appropriate  t ransi t ions which originate because an an t i symmetr ic  mode quantum dimin- 
ishes as the vibrational number  of the symmet r i c  mode increases) .  The sum 4v 3 + v is conserved for 
V - V '  collisions of the f i r s t  kind and the sum 3v~ + v, for  the second kind. Hence, the quasis ta t ionary dis-  
tribution in the domain where V - V '  p rocesses  predominate  over  all others  is 

! 
E~,IV2V$ 

V r ( 2 V l + v ~ - r v ~ )  T 
n ! ~ 0  I 

where r = 4 near  the v 3 axis and r = 3 near the v axis.  Finally, the distribution is evidently Boltzmannian 
with t h e g n s  t empera tu re  in the domain where V - T  p rocesses  predominate .  

4 .  E N E R G Y - R E L A X A T I O N  E Q U A T I O N  

Since there is no success  in obtaining a compact  equation for the energy relaxation with splitting 
in the symmet r i c  mode and with the adiabatic factors  originating because of this difference taken into 
account, let us clar i fy the possibi l i ty of applying the ordinary  relaxation equation by using a numerical  
confirmation.  Forflhis  purpose,  let us es tabl ish the dependence of the transi t ion probabil i t ies between 
adjacent multiplets on the vibrational number of the multiplet within the f ramework  of L a n d a u - T e l l e r  
theory.  The transi t ion probabil i ty between multiplets is obtained by summation over the final states and 
averaging over  the initial s tates of the t ransi t ion probabil i t ies between individual components,  each of 
which is proport ional  to the square of the absolute value of the per turbat ion matr ix  element  and the adiabatic 
factor  dependent on the t ransi t ion energy.  Given in Table 2 are  the squares  of the absolute values of the 
perturbat ion matr ix  elements  proport ional  to p cos q~, evaluated for the states represen ted  in Table 1 by 
using (2.1), and the relat ive values of the adiabatic factors  

[ I 
(where t~ is the reduced mass  of the colliding molecules ,  Wmn is the transi t ion frequency, and 1 / ~  is the 
charac te r i s t i c  length of the change in potential).  Considered are  the cases  of prac t ica l  in teres t  of quenching 
by helium and CO 2 molecules  at a comparat ively  low tempera tu re  T = 300 ~ when the effect of anharmonic -  
ity should be large .  Only the main exponential L a n d a u - T e l l e r  factor  was taken into account in evaluating 
the adiabatic factor,  which is sufficient for a qualitative descript ion.  The charac te r i s t i c  length of the po- 
tential change was taken equal to 0.2 �9 10 -s cm [3]. For  simplification, it is  assumed that the populations 
of the multiplet components are r e f e r r ed  to as their  s ta t is t ical  weights.  

It is seen f rom Table 2 that the relat ive change in the adiabatic fac tors  reaches  3 in the case of 
quenching by helium and 10 in the case  of quenching by CO 2 molecules .  At the same time, the sums of the 
squares  of mat r ix  e lements  with weight fmn/f01 agree with the sums of squares  for quenching by helium 
to ~ 15% accuracy  and for quenching by CO 2 molecules  to ~ 30% accuracy .  This is explained par t ia l ly  by 
the fact  that the multiplet centers  are  a lmost  equidistant and the g rea tes t  mat r ix  elements  cor respond to 
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t ransi t ions between them, and par t ia l ly  by cancellat ions originating during the summation.  The cancel la-  
tion is improved as the number v inc reases  because of the increase  in the number  of components in the 
mult iplets .  If the deviation of the sum of the weighted squares  of the mat r ix  elements  f rom the sum of the 
squares  is neglected, then it is possible to a r r ive  at an energy- re laxa t ion  equation in the L a n d a u - T e l l e r  
form.  This is done mos t  s imply by noting that the sum of the squares of the absolute values of the t r ans i -  
tion matr ix  elements between two sets of states does not change when the initial s tates in each set  are  
replaced by their  l inear combinations.  Let us use a representa t ion  originating during select ion of bending 
vibrat ions as bas is  states with plane polar izat ion for the sum of the squares .  Equating the t ime derivative 
of the symmet r i c  mode energy,  equal to the sum of the energies  of modes 1 and 2, to the energy t ransmi t ted  
to the t ransla t ional  degrees  of f reedom per  unit t ime during the t ransi t ions between adjacent multiplets,  
we obtain 

_ _  / ~ , r + l  v "/ 

d t  . . . .  
v 

where pV-h is the frequency of t ransi t ions between the multiplet v and v + 1, and a v is the multiplet  popula- 
V 

t ion ( n  ~ ::: _~'~ n~) .  
V3 

Using the representa t ion  

v + l  

"~ v l + vix +'o2y~'l~ 

where gv+1 is the statistical weight of the multiplet and V2x and V2y are the vibrational numbers of the 
bending vibrations polarized in the xz and yz planes, the equation ordinarily used, 

d t  

can be obtained, where ~ = e -~w2/T 

The author is grateful  to L. M. Biberman, S. Yao Bronin, Mo Bo Zheleznyak and A. Kh. Mnatsakanyan 
for  d iscuss ing the paper .  

A P P E N D I X o  P R O O F  O F  T H E  U N I Q U E N E S S  A N D  C O N V E R G E N C E  TO A 

T R E A N O R E - T Y P E  D I S T R I B U T I O N  

Let  us introduce the potential re la t ive to a Boltzmann distribution with the gas tempera ture  

t~ v q 
C~..~. ~ ~ 

where 

G~.~ = g~:snooe-E~~/~. 

According to the definition, the ground-s ta te  potential is e00 =1 . In the new notation, the express ion for 
the V - V  cur ren t  vt3 + v 'D '~  v + klk + v' - klh' (k = 0, 1, 2) is 

where the conductivity equals 

O:+k~','.),(v'--k -t.'j f)(r+k~L),(~:'--k~'l /)  

The cur ren t  between the multiplet components is 
(~LI 

(A~2) 
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where the conductivity is 

(p!vX! is the frequency of the t ransi t ions  vf l - -  v;x). 
(v~ 

The conductivities are  invariant  re la t ive to rep lacement  of the initial by  the final states and relat ive 
to commutat ion of the coll ision par tners  in the initial and final s ta tes .  Let  us note that the cur rent  (A.2) 
can be writ ten in the form (A.1) for k = 0 and by a change in the indices  f rom pr imes  to zeros  (since ~ 00 = 1). 

For  simplicity,  let us henceforth denote the level by a single subscr ipt .  The balance equations for  
the population levels are  written as 

d n h  __  m n  

dt Z z~ ((pkcp~--r162 (A.3) 
l ,?rt ,~ 

where k, l ,  m, n take on all values f rom the ve ry  same set .  The sys tem (A.3) is analogous to a Boltzmann 
kinetic equation, for which the H- theorem can hence be proved [7]. 

Le t  us introduce the functional 

H = ~nh ln  Ch 
k 

and let us evaluate the time derivative,  

- -  = 1 dnl'~ dH ~ ( 1  + nq~h)-~. (A.4) 
dt 

h 

It follows f rom this las t  equation that a neces sa ry  condition for  s tat ionari ty of the population dnk/dt = 0 is 
that the der ivat ive  dH/dt vanish.  Substituting (A.3) into (A.4) and symmetr iz ing  with respec t  to the sub- 
scr ip ts ,  we obtain 

d H  

d t  

t r ~ k %  ~ r ~ n /  _ 
Z In ~--~ ukt (qD~l --  q~mq~). (A.5) 2" 

h t l , m t u  

Since the t e rms  in the sum (A.5) are  nonnegative, then 

d H  f ~ 0. (A.6) 

Equality is possible in (A.6) only in the case  

~h r - -  %~ cp~ = 0 (A.7) 

for a ~ n  ~ 0. The sys tem (Ao7) agrees  with the condition that all the e lementary  cur ren t s  vanish. There -  
fore, cancellation of all the e lementary  cur ren t s  for the sys tem under considerat ion is a necessa ry  and 
sufficient condition for s ta t ionar i ty  of the populations. Since H is bounded, then it follows f rom (A.6) that 
the cur ren ts  damp out with t ime and an a rb i t r a ry  initial distr ibution tends to a s ta t ionary distribution. 

Returning to the two-subscr ip t  notation for  the levels in (A.7) and recal l ing that the sum of the v ibra-  
tional numbers  of the multiplets is retained in all the p roces se s  under consideration,  we find 

(we also took account of the normal izat ion ~ 00 = 1). We obtain for the populations 

nvf,  = Gym%f ,  noogv~e  ~ ~ , 

which agrees  with (3 ~2). This distribution can be considered as par t ia l  equilibrium, possible if the veloci-  
t ies of the V - T  p roces se s  are  low (in the same sense as the state of a gas with a nonequilibrium chemical  
composit ion if the chemical  react ion ra tes  are  low). In conclusion, let us emphasize that the proof  presented 
r e f e r s  to some neighborhood of the ground level in which the influence of the V - T  p rocesses  (both direct  
and indirect ,  associa ted  with taking account of the boundary conditions for  large  vibrat ional  numbers)  is 
negligible. 

3 2 0  
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